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A practical test for positive definiteness that does not re-
quire explicit calculation of the eigenvalues is the principal
minor test. The kth leading principal minor is the determinant
formed by deleting the last n—k rows and columns of the
matrix. A necessary and sufficient condition that a symmetric
n X n matrix be positive definite is that all n leading principal
minors A, are positive. ! ,

However, the analogous statement that a necessary and suf-
ficient condition that a matrix be positive semidefinite is that
all n leading principal minors are nonnegative is not true, yet
this statement is found in some textbooks and reference
books. Greenwood? states that if one or more of the leading
principal minors are zero, but none are negative, then the
matrix is positive semidefinite. This is disproved by the éx-
amples in this Note. Brogan® states that a test for positive
semidefiniteness is that all of the leading principal minors are
nonnegative, which incorrectly implies that if this test is
satisfied, the matrix is positive semidefinite. Wiberg* provides
the analogous condition for a Hermitian matrix, namely, that
it is positive semidefinite, if, and only if, all of the leading
principal minors are nonnegative.

As a trivial example consider the matrix

00 .
0 -1

Both leading principal minors are zero and herice nonnegative,
but the matrix is obviously not positive semidefinite. One
eigenvalue is zero, the other is —1.

Another example is the 3 X 3 syminetric matrix:

(¢

The leading principal minors ate nonnegative (A, =1,
A, =A;=0), but the matrix is not positive semidefinite. This
can be verified by calculating the value of the quadratic
form g=xTAx, where x7=[x;x,x;] as g= (x; +x, +x;)
+(a— 1)x3. By inspection, one can guarantee g=0 for all x
only if a=1. For example, if a<1, vectors in the plane
X1+ X, +x; =0 yield g<0. Note, however, that the values of
the leading principal minors are independent. of the value a.

It is easily shown that all of the leading principal minors of a
positive semidefinite matrix are nonnegative, for example, by
considering vectors x having the last n— k& elements equal to
zero. Thus, the condition that A, =0 is apparently a necessary
but not a sufficient condition for positive semidefiniteness. In
order to.state a condition that is also sufficient, one must con-
sider principal minors D, formed by deleting any n—k rows
and corresponding columns. The correct necessary and suffi-
cient condition is that all possible principal minors are
nonnegative. .

As an example, consider the matrix in Eq. (1). If one
calculates the principal minors D, formed by deleting the first
rather than last n—k rows and columns, one finds that
D= ~1 and D, =0, which clearly violates the condition. In
the same manner, the principal minors of the matrix in Eq. (2)
are D,=a, D,=a-1, and D, =0, satisfying the condition
only if a=1.

For an n X i matrix that are (%) principal minors D, where
(%) is the binomial coefficient n!/(n—k)!k!. The total
number of principal minors is then

m= Y ()=2"-1 ®)
k=1

Thus, m=7 for n=3, and m= 15 for n=4, indicating that ap-
preciably more computation may be required to determine the
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value of all possible principal minors. However, if all n
leading principal minors of a matrix are nonnegative, with one
or more having a zero value, all m principal minors must be
shown to be nonnegative in order to guarantee that the matrix
is positive semidefinite.
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Nomeénclature
C =C, to C, transformation matrix
C, =attracting body coordinate system
C, = spacecraft coordinate system
dm = differential mass
F& =gravitational force
8= (8,,8,,8.)7 =components of g in C,
g = gravitational acceleration
G = gravity gradient dyadic
G = gravity gradient matrix in C,
I =3 X 3 identity matrix
L,I1,I, = spacecraft moments of inertia
Ly, 1.1, =spacecraft products of inertia
J = spacecraft inertia dyadic
J =components of J in C;
m =spacecraft mass
r =magnitude of R
R (x,3,2)7 = components of R in C,
R =location of dm
R'cA =location of spacecraft mass center
U=(U,U,,U,)T =components of Uin C,
U © =unit vector in the direction of R

i =eigenvalues of G, i=1,2,3 :
pn =gravitational parameter of attracting
body
A .
0= (0:0,:07) =components of p in C,
p =location of dm relative to spacecraft

mass center

2 (7
- >
88 3817(_

ToeysTegz) = components of 7,, in C;

T, = gravitational moment

Tog = gravity gradient torque
=gravitational potential

¥ =components of ¥, in C,, i=1,2,3

¥ = components of ¥, in C,, i=1,2,3

¥; =eigenvectors of G, i=1,2,3
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Superscript

T = transpose

Introduction

T is well known that gravitational torques acting on space-

craft play an important role in the spacecraft’s rotational
dynamics and stability.'” Various formulations of the gravita-
tional torque have been proposed, but they are all based on the
distribution of the gravitational potential or acceleration
throughout the spacecraft. Since no gravitational torque exists
in a uniform gravitational field, the gravitational torque has
commonly been referred to as the gravity gradient torque.
Roberson! developed a formulation for a potential function
based on an oblate spheroid central body. Nidey? developed a
simpler form of a solution for an inverse square gravitational
acceleration field. Roberson® derived an alternate form of
Nidey’s result in dyadic notation. Nidey>* also discusses the
computation of the average gravity gradient torque on a
satellite in a circular orbit. Hultquist® determines the gravity
gradient torque effect on spacecraft in both circular and ellip-
tic orbits. Holland and Sperling® study the combined effects
of gravity gradient and magnetic torques on the rotational mo-

tion of a spacecraft. A brief discussion of gravity gradient tor-

ques is given by Spence.” Except for Roberson’s work,! the
above investigations were based on an inverse square law
gravitational acceleration field. While this is undoubtedly the
main contributor to the gravity gradient torque, it would be
helpful to have available a simple method of computing the
gravity gradient torque for more complex potential functions.
This would permit investigation of the relative effects of
higher-order terms in the potential function and allow com-
putation of gravity gradient torques consistent with the
gravitational acceleration for a given potential function. A
simple formula is derived for computing the gravity gradient
torque on a vehicle in terms of the eigenvalues and eigenvec-
tors of the gravity gradient matrix and the inertia properties of

the vehicle. This formulation is applicable to any potential

function for which the gravity gradient matrix can be com-
puted for a given point in the potential field.

Formulation

The gravitational force and moment on the spacecraft are
given by

F,= Sm g(R)Ydm T, = Sm pXg(R)Ydm 1)

where the integration is over the mass of the spacecraft and

gR)=VS(R) @

To first order g(R) can be expanded about R_ as
g(R)=g(R.)+G(R.)-p 3)

Substitution of Eq. (3) into Egs. (1) gives

Fg=g(RC)Sm dm+G(RC)-Sm pdm (4a)

'rg=gmp><G(Rc)~pdm—g(Rc)><Sm pdm (4b)

But |,,pdm=0, so the second terms in the expressions for F,
and 7, both vanish. Furthermore, {.dm=m, so the gravita-
tional force becomes simply F, =mg(R,). The first term in
the expression for 7, is called the gravity gradient torque
because it depends on the gradient of the gravitational ac-
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celeration. We thus have

ngégmpr(Rc)-pdm (5)

and the evaluation of this integral is our primary concern.

Solution
A minor inconvenience in the evaluation of the integral in
Eq. (5) is that p is most conveniently defined in terms of com-
ponents in C; while G(R,) is most conveniently defined in
terms of components in C,. Since the rotational dynamics are
most often expressed in C,, we rewrite Eq. (5).in C; as

Toe = Sm BCG(R,)CTpdm 6)
where
[0 =P Py ]
FE 0z 0  ~p
%
L —0y Px 0 _

8 8y  Ba |
G(R) = gyx gyy gyz ’ (8)

L gZX gZ)’ gzz 4

and £i éc')g,~/6j(i,j=x,y,Az). From Eq. (2) we have g;
=¢;=0¢/di, so g;=¢;=3*¢/3idj; and since ¢;=¢; it
follows that G(R) is symmetric. Therefore, G(R) has a set of
three real eigenvalues and a corresponding set of three real or-
thonormal eigenvectors. If two or more of the eigenvalues are
identical, the corresponding eigenvectors are not unique, but
this does not present a problem. The gravity gradient matrix
can be expressed in terms of its eigenvalues and eigenvectors as

G(R) =¥AYT ®

where

It

V2 (Pdods] ASdiag(hAeh) (10)

Substitution of Eqgs. (10) into Eq. (9) gives
s :
G(R)= Y NI T (11)
i=1

This expansion of G(R) is the key to the general solution of
Eq. (6), which with the relation y; = Cy; can now be written

3

= LN 0T odm (12)

i=1

But py; and /7 p are just alternate forms of the vector cross-
product (p X¥;) and dot-product (p-y,), respectively, so we
have

pi=—Vip vio=0"TY (13)
where ¥, is a skew-symmetric matrix formed from the com-
ponents of ; analogous to the definition of 5 in Eq. (7).
Substitution of Egs. (13) into Eq. (12) and recognition that v,
and y; can be factored out of the integral gives

3
Teg = Z )\I\ZI [Sm ( —ppr)dm:l Kbi (14)

i=1
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It can also be shown that pp”7 =55+ (p7p)l, so Eq. (14)
becomes

Teg = IE i [Sm (~ﬁﬁ)dm] v;— Hm prdm] ;xi\ffﬂl/f

where use has been made of the relation ¥,¢; = ¢; X ¢, =0. Ex-
pansion of the remaining integral in the above equation leads

t
© I, -1, —I,
Sm(—ﬁﬁ)dmz I, I, —I,|%J (16)
—'Ixz —'Iyz Iz

where the moments and products of inertia of the spacecraft
are assumed to be known. Substitution of Eq. (16) into Eq.

(15) provides the final general formula for the gravity gradient
torque

3
T = Y NI an

i=1

Implementation of this result requires: 1) calculation of the
gravity gradient matrix, 2) determination of its eigenvalues
and eigenvectors, 3) transformation of the eigenvectors to the
spacecraft coordinate system, and 4) evaluation of the summa-
tion in Eq. (17). Conceptually, these steps may be done
analytically or numerically. However, since the gravity gra-
dient matrix depends on the position of the spacecraft relative
to the attracting body, analytic solutions for the eigenvalues
and eigenvectors are expected to be difficult to find except
perhaps for very simple potential functions. A numerical solu-
tion would then be required at each spacecraft position of
interest.
Analytic Example

As an example of an analytic application of the preceding
results, we consider a potential function which is inversely
proportional to the distance from the origin ¢ (R) = u/r where
r=(x*+y*+z2)% and

G(R)=—(u/r*)(I—=3RR7/r?) (18)

The eigenvalues are determined from det[N—G(R)] =0 or

det (ol — UUT) =0 (19)

where
2(P/30) N +u/r) (20a)
U=R/r (20b)

The three solutions to Eq. (19) are ¢=0, 0, 1, while from Eq.
(20a) the corresponding eigenvalues of G(R) are
M=N=—p/r* Ny=2u/r} @n

The corresponding eigenvectors are found from [N
—G(R)]¢¥;=0or

[N+ /P = Bp/rPYUUT ;=0 22)

For A, and \,, this becomes UUTY; =0 or simply UTy,;=0, so
¥, and ¥, are two unit vectors orthogonal to R and each other.
For \;, Eq. (22) becomes 3 — UUTy; =0 which has a solution
V3 = U, 50 ¥ is a unit vector in the direction of R. Substitution
of Egs. (21) into Eq. (17) and a little manipulation of the result
now gives

3
I . 3u -
= = L Vet sl (23)

3¥
et |
g&%[sm (—5ﬁ)dm]1/x,- s)
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Examination of the development of Eq. (17) from Eq. (14)
reveals that the \; are insignificant in the intermediate steps.
By analogy we then have

3 3
Yor=-| Y teorvam (4
i=1 o=l

Since the y; are mutually orthogonal unit vectors, they form a
basis, and p can be written as

o=p ¥ +p¥, +‘P3‘1’3 25)
where )
P =PT‘l’i (26)

From Eq. (25), we have ¥;0=p,¥¥;+p,9i¥2+03¥¥;
which can be combined with Eq. (26) to give
Voo™V =pio ¥V +0i02¥:¥2 +0;05¥:¢5 from which it is
readily shown that

3
Y Vo™i =0 @7)

3
Y dii=0 (28)

Substitution of this result into Eq. (23) using Eq. (20b) and the
solution for ¥, yields

Tge = (3u/r*)RJR 29
or in vector-dyadic notation
Toe = Bu/r)RxJ-R 30)

where R in Eq. (29) denotes the coordinates of the spacecraft
in the spacecraft axes system. This result is consistent with the
result derived directly from Eq. (6) using Eq. (18) without ex-
pressing G(R) in terms of its eigenvalues and eigenvectors.”

Conclusions

A simple concise formula has been presented for the com-
putation of the gravity gradient torque on a spacecraft in an
arbitrary potential function field. The formula requires only
the eigenvalues and eigenvectors of the gravity gradient matrix
evaluated at the center of mass of the spacecraft, and the cor-
responding spacecraft inertia properties. The result is prob-
ably of more academic than practical interest because the ef-
fects of higher-order terms in the potential function on the
gravity gradient torque are not expected to be significant for
most applications.
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